We prove the existence and the regularity of the extension by a self-dual simple current for certain regular vertex operator algebras.
INTRODUCTION w x
In Li5 we initiated a program to apply the physical superselection principle in vertex operator algebra theory. As one of the results, all Ž . simple current modules defined in Section 2 except one were constructed Ž . by deforming the adjoint module for vertex operator algebras L l, 0 associated to unitary highest weight modules for affine algebras. In this paper, we shall apply this result to prove the existence and the rationality Ž . of extensions for vertex operator algebras L l, 0 . Ž . Let V be a regular vertex operator algebra defined in Section 2 and let h be a weight-one primary semisimple element of V such that Ä Ä4 4 h , 1 N n g ‫ޚ‬ y 0 gives rise to a Heisenberg algebra. Set The famous moonshine module vertex operator algebra V FLM is the first mathematically rigorous construction of Z -orbiford theory, which was 2 constructed by using a vertex operator algebra together with an irreducible h w x Z -twisted module. Later, the rationality of V was proved in D3 . As a 2 vertex operator algebra, V h is an extension of a vertex operator subalgebra w x by a simple module. Recently Huang Hua2 gave a conceptual construction. In general, it is an important problem to prove the existence and the rationality of the extension by a certain simple module for a vertex operator algebra.
In this paper, we consider a relatively simple case. Let V be a regular Ž . vertex operator algebra defined in Section 2 and let W be an irreducible
some weight-one primary semisimple element h of V. Then we prove that Ž . V[W has a natural vertex operator super algebra structure. Furthermore, we classify all irreducible modules for V [ W and prove that V [ W is regular. The main idea is to use the connection between V and W so that we can transform any vector of V [ W into V. This is analogous to h w x the spirit in the construction of V FLM .
As an illustrative example, we consider the vertex operator algebra Ž . Ž L l, 0 associated to the affine Lie algebra s s l l . All results have beeñ 2 w x. Ž . Ž . greatly extended in DLM1 . Our results imply that L l, 0 [ L l, lr2 is a regular vertex operator algebra if l is a positive integral multiple of 4 and Ž . Ž . that L l, 0 [ L l, lr2 is a regular vertex operator superalgebra if l is a Ž . positive odd integral multiple of 2. In the notation of L l, lr2 , lr2 is the Ž . spin number half of the weight in terms of physical language. These Ž w x. results are known to physicists cf. MS . However, our proof is complete and mathematically rigorous in terms of vertex operator algebra language.
This paper is organized as follows: In Section 2 we introduce some definitions and review some results. In Section 3, we prove the existence of Ž . extended vertex operator super algebra. In Section 4, we study the extension of modules. In Section 5, we prove the regularity of the extended Ž . vertex operator super algebra and give a concrete example.
PRELIMINARIES
In this paper, we shall use the standard notations and definitions such as Ž . Ž . vertex operator super algebra, irreducible module, contragredient module, homomorphism, isomorphism, and intertwining operator. For these we w x w x w x w x refer the reader to FHL , FLM , FFR , T . We also introduce some relatively new definitions such as rationality, weak module, simple current module, and regularity. Ž Ž .. A weak V-module is a pair M, Y и, z satisfying all the axioms for a
M

Žw
x w x. module FHL , FLM except that no grading on M is assumed. As usual, without confusion we shall just use M for the weak module.
A lower truncated Z-graded weak V-module is a weak V-module M Ž . Ž .
together with a Z-grading M s [ M n such that M n s 0 for suffin g Z ciently small integer n and that
Ž . Ž . n k
If any lower truncated Z-graded weak V-module is a direct sum of irreducible Z-graded weak V-modules, we say V is rational. If any weak Ž . V -module W is a direct sum of irreducible ordinary V-modules, we say V is regular. By definition, regularity is stronger than rationality. w x It was proved in DLM2 that vertex operator algebras V , associated to L Ž . a nondegenerate even lattice L, L l, 0 , associated to standard modules of Ž . a positive integral level l for an affine Lie algebra g, L c, 0 , associated tõ unitary highest weight Virasoro modules with central charge 0 -c -1, and V h , Frenkel, Lepowsky, and Meurman's moonshine module, are regu-Ž w x lar. That is, all currently known rational vertex operator algebras cf. D1 , w x w x w x w x w x. DL , DMZ , FZ , Li2 , W are regular. So it is believed that rationality and regularity are the same. w x Let M be a V-module and let MЈ be the contragredient module FHL . lemma g is a constant. This proves that the corresponding fusion rule is one. Then the proof is complete.
Let V be a vertex operator algebra and let h g V such that
where ␥ is a fixed integer, and that h semisimply acts on V with integral 0 Ž eigenvalues. Then from the Jacobi identity or the commutator formula w x w x. B , FLM we get
ރ‬ Then L is a Lie algebra. It was proved in Li5 ng ‫ޚ‬ n that if V is regular, h semisimply acts on any weak V-module.
0
Ž . From now on, we also freely use h n for h . For any ␣ g Q, set
w x The following proposition was proved in Li5 . 
EXTENSION OF CERTAIN VERTEX OPERATOR ALGEBRAS
The main goal of this section is to prove the existence of the extension by a self-dual simple current module for certain vertex operator algebras. The study of extension of a vertex operator algebra by a self-dual irrew x ducible module with integral weights was initiated in FHL , where the following proposition was proved: In this section, our main goal is to prove that if V is a regular vertex Ž . operator algebra and h g V satisfies 2.4 such that ␥ is an integer and ṼŽ .
Let be an isomorphism from V onto V and set s . Since 0
and for any u,¨g V, we define 
It follows from the Jacobi identity and 2.4 that L 1 , h k s ykh k q 1 for k g Z. Then using induction on n we get
Ž .
Ž . Ž . This proves the first identity. Using the symmetry
. . , one can obtain the second identity. 
Then from the definition of E h, z and ⌬ h, z we obtain
E " h, z s E " h, z , E " h, z s E " h, z ; 3.14 Ž . Ž . Ž . Ž . Ž . W W W W ⌬ h , z s z ␥ ⌬ h , z , ⌬ h , z s z ␥ ⌬ h , z . 3.15 Ž . Ž . Ž . Ž . Ž . W W Wy 1 y 2 y 1 y 2 ⌬ h , z s q z h q ␥z , ⌬ yh, z s y z h q ␥z . Ž . Ž . 2 2 3.18 Ž . Ž . Ž . Then from 3.1 and 3.2 we obtain L y1 s L y1 q h y1 , Ž . Ž . Ž . Ž . W W L y 1 s L y 1 y h y 1 . 3.19 Ž . Ž . Ž . Ž . Ž .
Ž .
W W
Similarly, one can prove the identities for .
Ž . a For any a, b g V, we ha¨e
Ž . 
s e e Y a,z ⌬ y h,y z b
Similarly we obtain
This proves the lemma.
LEMMA 3.5. For any a g V, the following identity holds.
Proof. It is equivalent to proving that
Since it is true when z s 0, it is enough for us to prove that partial 1 derivatives for both sides with respect to the variable z are equal. For any 1 positive integer k and for any u g V, from the Jacobi identity we get
.
, then using 3.29 for u s E h, z a we
Then the proof is complete.
LEMMA 3.6. For a g V, we ha¨e
Now we are ready to prove our main theorem. 
Symmetrically, we have
Ž . On the other hand, using Lemmas 3.4 a and 3.5 we obtain
Therefore, the Jacobi identity holds. Then the proof is complete.
Remark 3. 8 . Under the assumption of Theorem 3.7, suppose that V is ã simple vertex operator algebra. Then V s V [ V is a completely reduciblẽ V-module. Let P and P be the projection maps from V onto V and V, it is clear that is an order-two automorphism of the vertex operator algebra V.
EXTENDING A V-MODULE TO A V-MODULE
In this section we shall extend any irreducible V-module W to a V-module or a -twisted V-module W. This result will be used in the classification of irreducible V-modules in Section 5.R ecall that is a V-isomorphism from V onto V. 
W VW
Then we obtain an intertwining operator of type . 
Ž .
For any u g V, w g W, using the first identity we obtain
W W ṼS
imilarly, for any u g V, w g W, we obtaiñ
W V
for a g V and that the Jacobi identity is replaced by the twisted Jacobi identity
or u g V , where r s 0, 1 and V s V, V s V.
Ž . THEOREM 4.3. Let W be an irreducible V-module such that h 0 has onlỹ half-integral eigen¨alues on W. Then W [ W is either a V-module or a
Proof. It is similar to the proof of Theorem 3.7. We need only provẽŽ . the Jacobi identity for u,¨, w , where u,¨g V, w g W j W.
Symmetrically we have
On the other hand, we have
On the other hand, using the calculation in Case 1, we obtain any extended vertex operator algebra V s V [ V of a regular vertex operator algebra V 0 by a simple current V 0 -module V 1 is regular. Then it follows that the extended vertex operator algebra V, constructed in Section 3, is regular.
Remark 5.1. Let V be a vertex operator algebra, let M be a V-module, and let U be any subspace of M. Then it follows from the associativity Žw x w x. DL , FHL that the linear span V и U of all a U for a g V, n g Z is a That is, 
